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Abstract

Chemically active saturated clays containing several cations are considered in a two-phase framework. The solid

phase contains the negatively charged clay particles, absorbed water and ions. The fluid phase, or pore water, contains

free water and ions. Electroneutrality is ensured in both phases, which gives rise to electrical fields. Water and ions can

transfer between the two phases. In addition, a part of free water diffuses through the porous medium. A global un-

derstanding of all phenomena, deformation, transfer, diffusion and electroneutrality, is provided. Emphasis is laid on

the electro-chemo-mechanical constitutive equations in an elastic–plastic setting. Elastic chemo-mechanical coupling is

introduced through a potential, in such a way that the tangent elastic stiffness is symmetric. Material parameters needed

to estimate the coupling are calibrated from specific experiments available in the recent literature. The elastic–plastic

behaviour aims at reproducing qualitatively and quantitatively typical experimental phenomena observed on natural

clays during chemical and mixed chemo-mechanical loadings, including chemical consolidation and swelling already

described in Int. J. Solids Structures (39 (10), 2773–2806) in the simpler context of Na-Montmorillonite clays. Crucially,

the successive exposure of a clay to pore solutions with chemical content dominated by a cation already present in the

clay or quasi-absent leads to dramatically different volume changes, in agreement with experimental data.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Swelling of clayey soils is an important factor in their engineering, but the accurate prediction of its
amount and its consequences have been eluding engineers for several decades. The main reason for this is
usually seen in a non-mechanical character of the phenomena involved and difficulties in linking them to
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soil mechanical analyses. Swelling is critically involved in such problems as borehole stability in petroleum
extraction, liner and buffer stability in containment of nuclear or hazardous contaminants in environmental
geotechnology.

In this paper, we will focus on chemically induced swelling and collapse of heteroionic clays, which
constitute the majority of natural clays and a great part of engineered clays. In a preliminary paper (LHG,
2002), 1 we have addressed swelling of homoionic clays: these clays rarely occur in natural conditions, but
they can be manufactured for specific industrial applications. Homoionic clays serve also as a good material
model for some preliminary studies.

The microstructure, and especially the organization of water in different pore spaces, is very much the
same in both homoionic and heteroionic clays; it has been described in detail in LHG (2002). In both cases,
swelling arises as a result of chemical or electrochemical disequilibrium of a structural unit comprising:

• an amorphous substructure of quasi-crystals (clusters) of the parallel clay mineral platelets,
• absorbed water within the quasi-crystals and adsorbed water enveloping the substructure,
• the free pore water, and critically,
• ions in the interplatelet space and in the free water.

Chemical swelling here will cover both crystalline swelling due to absorption of water into interlamellar
space and osmotic swelling due to adsorption of water to the external surface, and no distinction will be
made between adsorbed and absorbed water. The amorphous structure is conceptualized as being wrapped
in a semi-permeable membrane. This membrane serves as a gate-keeper for ion and water transfer between
the free pore water and the clusters including the absorbed water. Unlike in biological tissues, such a
membrane is not a physical object, rather it is a separation across which the two types of water fractions
exchange cations at a certain rate.

1.1. Previous mechanical approaches

The approach to modeling of the mechanical aspects of clay swelling usually depends on the application
in hand and specific processes involved.

In petroleum engineering, stability of the wellbore can be improved by circulating a mud that creates an
osmotic membrane impermeable, at least partially depending on the chemical composition of the mud, to
salts: if pm, pr are the pressures and xm, xr the salt molar fractions of the mud applied to the wellbore and of
the rock respectively, water flow will cease when the chemical potentials equilibrate, which implies the
differences pm � pr and xm � xr to be of the same sign.

For a sufficient difference in salinity, the pore pressure in the rock at equilibrium may be forced to be
smaller than its initial value, Charlez et al. (1998). Simulations of this phenomenon have been presented by
Sherwood (1994a,b), using a constitutive behaviour referred to as inert, Sherwood (1993). The problem of
hydration and dehydration of rocks has been addressed by Heidug and Wong (1996). However, the above
works do not treat separately transport and transfer phenomena, that is, they do not recognize that the
changes of mass are due to both a transfer (or reactive) contribution and a diffusive contribution. This
distinction is necessary to provide elastic constitutive equations that describe coupling effects in swelling
clays, and it will be stressed in the present formulation.

Ma and Hueckel (1992), Hueckel (1992a,b) proposed to treat clays exposed to thermal and chemical
loads as a two phase mixture, with absorbed water being a part of solid phase, and an inter-phase transfer
to model its absorption and desorption process. Bennethum and Cushman (1999) and Murad (1999) have

1 LHG (2002) is an abbreviation for Loret et al. (2002).
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addressed the transfer of water into interlamellar space in clays through a two- or three-spatial scale
modeling using homogenization schemes. This type of approach entails a substantial number of constitutive
assumptions, requiring sophisticated identification procedures. A multi-constituent mixture, involving
charged species and thermal effects, has been suggested by Huyghe and Janssen (1999), but this general
framework does not account for the special configuration of clays that will be developed in this work.

1.2. A model for electro-chemo-mechanical couplings

The model developed here to account for the electrical and chemical interactions with the mechanical
behaviour of clays capitalizes upon a previous analysis described in LHG (2002) where electrical effects
were disregarded.

Saturated clay is considered as a porous deformable continuum consisting of two overlapping phases,
each phase containing several species. A kinematic criterion is used for phase identification and the ab-
sorbed water is attributed to the solid phase based on the affinity of their velocities. Capital in the modeling
of deformable porous media is the coupling of the deformation of pore space in soil and the concomitant in-
or out-flow of pore liquid. In chemically sensitive soils, this coupling is additionally affected by the presence
of charged species in both phases. Thus, mechanics of the medium, e.g. balance of momentum, is con-
sidered at the phase level, whereas chemical processes, i.e. balances of masses, concern the species. The link
between the two levels is obtained through energetic considerations. Whether or not the electro-chemical
potentials are in equilibrium, water absorbed between the clay platelets can transfer into free pore water, or
conversely, depending on the chemical composition of the clay and pore water phases, and on the me-
chanical conditions in terms of volume and pressure (Fig. 1).

The electro-chemo-mechanical elastic–plastic constitutive equations involve the species of the solid phase
(the clay platelets) but treat the fluid phase as a whole. The species of the latter only diffuse through the
porous medium, obeying generalized Darcy’s diffusion equations. The transfer of absorbed water and
species between the solid and fluid phases involves a fictitious membrane surrounding the clay platelets,
which may be permeable to the chemical species at various degrees. For the sake of simplicity, all chemical
species that appear in the present analysis, except clay particles, can cross the membrane. Electroneutrality
is required in each of the two phases, giving rise to an electrical field.

The theoretical framework is illustrated by simulations of typical phenomena observed during labora-
tory experiments: the change of chemical composition of pore water has, due to the electro-chemo-
mechanical couplings, consequences on the mechanical state of the porous medium. Parameters involved in
the model are calibrated. Mechanical, chemical and chemo-mechanical loading and unloading paths are
considered. The basic behaviour described for neutral species in LHG (2002) still holds for purely me-
chanical loadings. On the other hand, substantial differences appear for chemical loadings and unloadings.
Increase of the salinity of pore water at constant confinement leads to a volume decrease, so-called chemical
consolidation. Subsequent exposure to a distilled water solution displays swelling. For pure Na-Montmo-
rillonite clays, however, the latter is smaller than the chemical consolidation so that the chemical loading
cycle results in a net contractancy whose amounts increases with the confinement. The situation is quite
different here as the influence of ionic species on mechanical properties vary greatly from one species to the
other. Replacement of a Na-dominated pore solution by distilled pore water produces a quite different
swelling strain than if the replacement were made using a K-dominated pore solution, Di Maio and Fenelli
(1997). Of course, the details of the initial ionic content of the clay clusters is of capital importance in these
processes.

With respect to previous publications, the key feature of the present analysis is that the constitutive
model developed is more than qualitative. It embodies not only elasticity but also elasto-plasticity which is
a necessary requirement to simulate the key features of the chemo-mechanical behaviour of swelling clays,
as highlighted by experimental data which have been recently published. On the other hand, as a first
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attempt, only two cations are assumed to be present in the clay clusters. While natural clays contain cer-
tainly more cations, their relative influence on the mechanical response of the clays certainly depends on the
electrolyte filling the pore space. Therefore, extension of the model to clays with many ionic species requires
experimental data to be available.

Although attention is paid mainly to the elastic–plastic constitutive equations, the latter are shown to be
embedded in a general formulation where both transfer and diffusion processes can be considered in initial
and boundary value problems to be treated through the finite element method in a work under develop-
ment, Gajo and Loret (2002).
Notation: Compact or index tensorial notation will be used throughout this work. Tensor quantities are

identified by boldface letters. I ¼ ðIijÞ is the second order identity tensor (Kronecker delta). Symbols ‘�’ and
‘:’ between tensors of various orders denote their inner product with single and double contraction re-
spectively. tr denotes the trace of a second order tensor, dev its deviatoric part and div is the divergence
operator.

2. The two-phase framework

2.1. General framework

We consider a two-phase porous medium. Each phase is composed of several species:

Fig. 1. Schematic of a chemo-mechanical experiment. The pore water is in contact with a large recipient whose chemical composition is

controlled. In the sample submitted to a variable mechanical load in terms of stress or strain, schematized here by P, the solid phase

(clay clusters with absorbed water and ions) is in contact with the fluid phase (pore water). Water and ions absorbed in the solid phase

are exchanged with their counterparts in pore water depending on their respective contents and on mechanical conditions.
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• the solid phase S contains five species

clay particles denoted by the symbol c
absorbed and adsorbed water w
ions sodium; potassium; chloride Naþ; Kþ; Cl�

8<
: ð2:1Þ

• the fluid phase W contains four species

pore water denoted by the symbol w
ions sodium; potassium; chloride Naþ; Kþ; Cl�

�
ð2:2Þ

The clay clusters are surrounded by a fictitious membrane which is a priori impermeable to clay particles
only: the mass of clay in the solid phase, obtained by aggregation of clay clusters, is constant,

mcS ¼ constant: ð2:3Þ

However, the membrane could serve also as a barrier for anions or non-exchangeable cations. As a rule, a
species in a phase is referred by two indices, the index of the species and the index of the phase. We shall
introduce several sets of species with specific properties, namely:

• species in the solid phase S ¼ fw;Naþ;Kþ;Cl�; cg;
• species in the fluid phase W ¼ fw;Naþ;Kþ;Cl�g;
• species that can cross the membrane, S$ ¼ W $ ¼ W ¼ fw;Naþ;Kþ;Cl�g;
• cations in the solid phase Sþ ¼ fNaþ;Kþg.

The main assumptions which underly the two-phase model follow the strongly interacting model of
Bataille and Kestin (1977), namely,

(H1) For each species, only the mass balance is required, but not the momentum balance;
(H2) Mass balance for each phase is obtained via mass balances of the species it contains. Momentum bal-

ances are required for each phase.
(H3) The velocity of any species in the solid phase is that of the latter, vkS ¼ vS , 8k 2 S.
(H4) In the fluid phase, pressure is assumed to be uniform across all species, pkW ¼ pW , 8k 2 W , but each

species k is a priori endowed with its own velocity vkW .
(H5) Electroneutrality is required in both phases. In the solid phase, negatively charged clay particles re-

quire the presence of the cations.

In the solid phase, the pressures attributed to the phase and to the species in that phase are not set a
priori as equal. This is motivated by the role that absorbed water, which is one of the solid phase species,
may have in transmitting a part of the total stress.

2.2. Basic entities

The incremental work done by the total stress r in the incremental strain d� of the solid phase and by the
electro-chemical potentials lec

kK during the addition/subtraction of mass dmkK to/from the species k of the
phase K is

dW ¼ r : d�þ
X
k;K

lec
kKdmkK : ð2:4Þ

Summation extends to all k 2 S$ ¼ W $ ¼ W and K ¼ S, W , since the contribution due to the clay particles
vanishes due to (2.3). The electro-chemical potentials [unit: m2/s2] are mass-based and the mkK ’s are the
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fluid-mass contents per unit initial volume of the porous medium [unit: kg/m3]. Since the volume of the solid
phase is also the volume of the porous medium, tr � is the relative volume change of both these quantities.

Another convention is to measure the amount of species by the number of moles per initial volume and
to use mole-based (electro-)chemical potentials,

gðecÞ
kK ¼ mðMÞ

k lðecÞ
kK ; ð2:5Þ

with mðMÞ
k molar mass of species k, e.g. mðMÞ

w ¼ 18 g. The constitutive equations will be phrased in terms of
mass-based (electro-)chemical potentials, with the mass-contents as independent variables. However, data
are available for mole-based free enthalpies of formation. Therefore, use will be made of the entities best
appropriate to the context.

The classic formula of the chemical potential gkW of the species k in the fluid phaseW, e.g. Haase (1990,
Chapter 2–5); Kestin (1968, Chapter 21), identifies a purely mechanical contribution which involves

• the intrinsic pressure of the fluid phase pW ,
• the molar volume of the species vðMÞ

kW ,

and a chemical contribution which accounts for the molar fraction xkW of the species k in phase W. For
charged species in presence of the electrical field /W , the electro-chemical potential gec

kW involves in addition
an electrical contribution. Soluble species develop also a configurational energetic property measured by
their free enthalpy of formation g0

kW . In integral form,

gec
kW ¼ mðMÞ

k lec
kW ¼ g0

kW þ
Z

vðMÞ
kW dp0W þ RTLnxkW þ fkF/W ; k 2 W : ð2:6Þ

The integration above is performed from a reference state, say (pW ¼ p0W ; xkW ¼ 1;/W ¼ 0), to the current
state. Therefore, g0

kW serves as the mole-based value of the chemical potential in the reference state. As for
the species within the solid phase S, the mechanical contribution to the electro-chemical potential of species
k involves its intrinsic mean-stress pkS ,

gec
kS ¼ mðMÞ

k lec
kS ¼ g0

kS þ
Z

vðMÞ
kS dp0kS þ RTLnxkS þ fkF/S ; k 2 S: ð2:7Þ

In these formulas, R ¼ 8:31451 J/mol/�K is the universal gas constant, and T (�K) the absolute temperature.
The electrical contribution to the mass-based chemical potentials will be introduced through the constant nk

that involves, besides the molar mass mðMÞ
k , the valence fk and Faraday’s equivalent charge F ¼ 96,487 C/

mol,

nk ¼
fkF

mðMÞ
k

; k 2 W ; S: ð2:8Þ

By convention, fw ¼ 0, and so nw ¼ 0.
The density of absorbed water is reported to be non-uniform between the platelets and to be slightly

higher than that of free water. However, some algebraic simplifications arise if we assume the density of any
species to be one and the same in both solid and fluid phases,

qkS ¼ qkW ; k 2 S$ ¼ W $: ð2:9Þ
One of the principal tasks in building a theory of deformable porous media is to link the change of pore

space to the mass of pore liquid flowing in or out of the representative volume element. This description is
more complex when reactions take place, resulting in generation or disappearance of mass of some species.
We shall define below different measures of mass changes and volume changes that will be used in the
constitutive equations.
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The molar fraction xkK of the species k in phase K is defined by the relative ratio of the mole number NkK

of that species within the phase K, namely

xkK ¼ NkKP
l2K NlK

: ð2:10Þ

Summation extends to all species in the phase K. By their definition, the molar fractions satisfy the closure
relationX

k2K
xkK ¼ 1; K ¼ S;W : ð2:11Þ

Let the initial volume of the porous medium be V0 and let V ¼ V ðtÞ be its current volume. The current
volume of the species k of phase K is denoted by VkK and the current volume of phase K by VK . Then the
volume fraction of the species k of phase K is defined as

nkK ¼ VkK

V
; ð2:12Þ

while the volume fraction of phase K is

nK ¼ VK

V
¼
X
k2K

nkK with nS þ nW ¼ 1: ð2:13Þ

On the other hand, volume contents vkK for the species k of phase K and vK for the phase K refer to the initial
total volume V0, namely,

vkK ¼ VkK

V0
¼ nkK

V
V0

; vK ¼ VK

V0
¼ nK

V
V0

: ð2:14Þ

The mass contents mkK per unit initial volume V0 of the species k of phase K, and mK of the phase K, are
obtained from the volume contents vkK and intrinsic mass densities qkK :

mkK ¼ MkK

V0
¼ NkKm

ðMÞ
k

V0
¼ qkKvkK ðno summation on k;KÞ; mK ¼ MK

V0
¼
X
k2K

mkK : ð2:15Þ

The apparent density of the species k in the porous medium, namely qkK , and the apparent density of the
phase K, namely qK , are,

qkK ¼ nkKqkK ðno summation on k;KÞ; qK ¼
X
k2K

qkK : ð2:16Þ

With (2.15), the molar fractions xkK can be expressed in terms of the mass-contents

xkK ¼ mkK=m
ðMÞ
kP

l2K mlK=m
ðMÞ
l

: ð2:17Þ

For the record, let us note the partial derivative,

oxkK
omlK

¼ xlK
mlK

ðIkl � xkKÞ; 8k; l 2 K: ð2:18Þ

The molar volume vðMÞ
kK and molar mass mðMÞ

k of the species k of phase K are linked by the intrinsic density
qkK ,

mðMÞ
k ¼ qkKv

ðMÞ
kK ðno summation on k;KÞ; ð2:19Þ
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so that, in incremental form, the mechanical contribution to the mass-based potential is dpW =qkW for the
species k of the fluid phase and dpkS=qkS for the species k of the solid phase. Note that, if the densities are
assumed to be independent of the phases, Eq. (2.9), so do the molar volumes. The molar volume of the fluid
phase is

vðMÞ
W ¼

X
k2W

xkW vðMÞ
kW : ð2:20Þ

We will also need the concentrations which are the densities referred to the fluid phase rather than to the
porous medium, namely

ckW ¼ mass of species k of fluid phase

volume of fluid phase
¼ MkW

VW
¼ qkW

nW
¼ mkW

vW
; k 2 W : ð2:21Þ

From (2.20) and (2.21) follows

ckW ¼ mðMÞ
k NkW

vðMÞ
W

P
l2W NlW

¼ mðMÞ
k

vðMÞ
W

xkW ; k 2 W ðno summation on kÞ: ð2:22Þ

An additional phase entity of physical importance in electrolytes is the electrical density: in phase K, IeK is
defined as

IeK ¼ F

V

X
k2K

fkNkK ¼ V0
V

X
k2K

nkmkK : ð2:23Þ

The last equality is due to the definition (2.8) and to the definition (2.15). The fulfillment of electroneutrality
in phase K can be expressed in various forms, e.g.

IeK ¼ 0 ()
X
k2K

fkxkK ¼ 0 ()
X
k2K

fkNkK ¼ 0: ð2:24Þ

The electroneutrality condition restricts the minimal admissible values of the molar fractions of the ab-
sorbed cations, especially when the pore solution is distilled water. Then at equilibrium, the molar fraction
of absorbed water overweights the other molar fractions. However, electroneutrality implies

fNaxNaS þ fKxKS ¼ X � �fcxcS � fClxClS > 0: ð2:25Þ

Therefore, in the plane ðxNaS; xKSÞ, the triangle defined by the points (0,0), ðX=fNa; 0Þ and ð0;X=fKÞ is in-
accessible, see Fig. 2.

2.3. The Gibbs–Duhem relation

For a fluid phase, the Gibbs–Duhem relation provides the fluid pressure pW in terms of the chemical
potentials of the species lkW , namely Haase (1990, Chapter 1–13). Using (2.22), the pressure is expressed in
terms of the electro-chemical potentials as,

dpW ¼
X
k2W

ckW dlec
kW � IeW

nW
d/W : ð2:26Þ

This relation is easy to retrieve from the definitions above by forming a linear combination of the chemical
potentials (2.6) that eliminates the chemical contribution via (2.11); the result follows by using successively
(2.19), (2.20) and (2.22). The last term in (2.26) is kept for the sake of generality but it vanishes for an
electrically neutral fluid phase, Eq. (2.24).
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In order to define the mechanical constitutive equations of the porous medium, we will need to isolate
the electro-chemical effects in pore water. For that purpose, following Heidug and Wong (1996), we define
the electro-chemical energy per current unit volume of the fluid phase through its differential

dwW ¼
X
k2W

lec
kW dckW � d

IeW
nW

� 	
/W ; ð2:27Þ

which, via the Gibbs–Duhem relation (2.26), can be integrated, up to a constant, to yield

wW ¼
X
k2W

lec
kW ckW � IeW

nW
/W � pW : ð2:28Þ

Thus, the electro-chemical energy of the fluid phase per unit initial volume of porous medium is, using
(2.21),

WW ¼ wW
VW

V0
¼ wW vW ¼

X
k2W

lec
kW mkW � V

V0
IeW /W � pW vW : ð2:29Þ

Due to the Gibbs–Duhem relation (2.26), the differential dWW simplifies to

dWW ¼
X
k2W

lec
kW dmkW � /W

X
k2W

nkdmkW � pW dvW : ð2:30Þ

Let us reiterate that the coefficients of /W in (2.26)–(2.30) vanish when electroneutrality (2.24) is required in
the fluid phase.

2.4. Incompressibility constraint

A situation of particular interest arises when all species are incompressible,

dqkK ¼ 0; 8k;K: ð2:31Þ

Fig. 2. Due to electroneutrality, the molar fractions of the cations are excluded from a triangular zone adjacent to the origin, Eq. (2.25).

Some material properties, like the elastic compliance j, are interpolated from the molar fractions of the cations, taking the Na-plane,

i.e. xKS ¼ 0, and K-plane, i.e. xNaS ¼ 0, as references.
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Then, there exists a relation between the set of variables f�; vW ; fmkS ; k 2 S$gg. Due to a simple extension of
a result in Appendix A of LHG (2002), the increment of fluid volume content can be expressed as,

dvW ¼ dtr��
X
k2S$

dmkS

qkS
: ð2:32Þ

3. Elastic constitutive equations

The absorption and desorption of water and ionic species to/from the solid phase introduce electro-
chemo-mechanical couplings. On the other hand, the mere presence of ions in the water phase does not
affect directly the mechanical behaviour of the porous medium, they just flow through. Their amount is
governed by an equation of mass conservation and a flow equation. Therefore, to develop the electro-
chemo-mechanical constitutive equations, we will treat the fluid phase as a whole and, temporarily ignore
its chemical composition. Thus constitutive equations are provided for the following variables:

• a stress–strain couple attached to the mechanical state of the solid phase, namely ðr; �Þ;
• a pressure–volume couple attached to the mechanical state of the fluid phase, namely ðpW ; vW Þ;
• as many couples of (electro-)chemical potential–mass content as there are species that can cross the

membrane, namely ðlðecÞ
kS ;mkSÞ; k 2 S$.

Incompressibility of the species reduces the number of unknowns and equations by one. The electrical
field difference /S � /W appears as a Lagrangian associated to the constraint represented by the electro-
neutrality condition; one may pose formally /W ¼ 0 and then lec

kW ¼ lkW ; 8k 2 W .

3.1. The global picture: deformation, mass transfer, diffusion and electroneutrality

The change of mass of each species is a priori due to both mass transfer, i.e. physico-chemical reaction,
and diffusion, namely

dmkK

dt
¼ d

dt
mreactive

kK þ d
dt

mdiffusive
kK : ð3:1Þ

In practice, the changes in the species of the solid phase are purely reactive, namely by transfer, through the
membrane, of water and ions between the solid and fluid phases. On the other hand, the species of the fluid
phase may also undergo mass changes by transport (diffusion) from/to the outside of the representative
elementary volume, i.e.

d
dt

mdiffusive
kK ¼ �divMkK ; ð3:2Þ

where MkK is the mass flux of the species k of phase K through the solid, namely,

MkK ¼ qkKðvkK � vSÞ: ð3:3Þ
Due to assumption (H3), only the fluxes of species of the fluid phase are non-zero. dmreactive

kK =dt, abbreviated
to q̂qkK in the sequel, is the rate of transfer of mass density towards the species k of phase K. Since this
transfer concerns a single species, then

q̂qkS þ q̂qkW ¼ 0; 8 k 2 S$ ¼ W $: ð3:4Þ
In the absence of thermal effects, starting from the statements of balance of mass for each species, and of
momentum and energy for the phases, e.g. Eringen and Ingram (1965), the Clausius–Duhem inequality for
a mixture as a whole can be cast in the following form,
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dD ¼ �dW þ r : d��
X
k;K

divðlec
kKMkKÞdtP 0: ð3:5Þ

Using (3.1), (3.2), dD may advantageously be rewritten in a form that highlights mechanical, transfer and
diffusion contributions, namely,

dD ¼ �dW þ r : d�þ
X
k;K

lec
kKðdmkK � q̂qkKdtÞ �

X
k;K

rlec
kK �MkKdtP 0: ð3:6Þ

Consequently, the Clausius–Duhem inequality can be viewed as the sum of three contributions dD ¼
dD1 þ dD2 þ dD3, of work, mass transfer and diffusion, which will be required to be positive individu-
ally,

dD1 ¼ �dW þ r : d�þ
P

k;K lec
kKdmkK P 0;

dD2=dt ¼ �
P

k2S$ðlec
kS � lec

kW Þq̂qkS P 0;

dD3=dt ¼ �
P

k2W rlec
kW �MkW P 0:

8><
>: ð3:7Þ

The chemo-hyperelastic behaviour will be constructed in order for the first term dD1 to exactly vanish.
Observe that, due to electroneutrality, the electrical field does not work. Then the electro-chemical po-
tentials in dD1 can be replaced by the chemical potentials:

dD1 ¼ �dW þ r : d�þ
X
k;K

lkKdmkK P 0: ð3:8Þ

Consequently, the constitutive relations do not depend directly on the electrical field. Satisfaction of the
second and third inequalities motivates generalized transfer equations and generalized diffusion equations
respectively, as detailed in Gajo and Loret (2002). Transfer equations can readily be read off dD2 while
diffusion equations require some rewriting of dD3 that highlights specific conjugate flux-force couples. If not
neglected, body force and acceleration terms would appear in dD3.

3.2. Dependent and independent variables

In view of extension to the elastic–plastic behaviour, generalized strains will henceforth be denoted by a
superscript el. Instances are strains, volume and mass contents, number of moles. Later, these entities will
be decomposed into an elastic, or reversible, part and a plastic, or irreversible, part. Given a reference state,
and a process which is reversible from that reference state to the current state, the elastic, or reversible, part
of each of above entities is by convention equal to the total entity.

When the behaviour is elastic, the energy per unit initial volume of porous medium Wel ¼ Wel � Wel
W can

be viewed as the elastic energy of the porous medium for which the electro-chemical effects in the fluid
phase are disregarded. It depends on the restricted set of independent variables 2 f�el; velW ; fmel

kS ; k 2 S$gg;
indeed, with the work definition (2.4) and (2.30) and accounting for electroneutrality, its differential sim-
plifies to

dWel ¼ r : d�el þ pW dvelW þ
X
k2S$

lkSdm
el
kS : ð3:9Þ

From this total differential emerge constitutive equations for the dependent variables fr; pW ; flkS ; k 2 S$gg
in terms of the independent variables f�el; velW ; fmel

kS ; k 2 S$gg in the following format

2 Notice that only the arguments that vary during loadings are listed; for example, since the mass of clay is constant inside the solid

phase, its influence is not shown explicitly in the list of arguments although it is tacitly assumed; this is why the superscript el is used on

top of the above energies.
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r ¼ oWel

o�el
; pW ¼ oWel

ovelW
; lkS ¼

oWel

omel
kS

; k 2 S$: ð3:10Þ

Alternative choices in the sets of independent and dependent variables can be postulated by partial or total
Legendre transforms of Wel.

3.3. Incompressible species

The formulation is simplified when all species are incompressible. We shall adopt f�el; fmel
kS ; k 2 S$gg as

independent variables and then the increment of elastic fluid volume content is given by (2.32), since we
require the incompressibility condition to hold in both the elastic and elastic–plastic regimes. Hence, dWel,
Eq. (3.9), becomes

dWel ¼ r : d�el þ
X
k2S$

lkSdm
el
kS ; ð3:11Þ

where we have introduced Terzaghi’s effective stress r, and the effective chemical potentials lkK ,

r ¼ r þ pW I; lkK ¼ lkK � pW

qkK
; k 2 S$: ð3:12Þ

The constitutive relations take the form,

r ¼ oWel

o�el
; lkS ¼

oWel

omel
kS

; k 2 S$: ð3:13Þ

If we assume that transfer does not alter density, Eq. (2.9), equilibrium of the chemical potentials, i.e.
lkS ¼ lkW , is equivalent to equilibrium of the effective chemical potentials, i.e. lkS ¼ lkW . Of course,
equilibrium applies only for species that can cross the membrane.

3.4. Logarithmic isotropic hyperelasticity

Experimental data over a large range of stresses show that the elastic moduli of soils depend on the stress
state. A usual approximation linked to the Cam–Clay models consists in assuming the elastic strain to be
proportional to the logarithm of the mean-effective stress. Bolt (1956) has shown the influence of the
chemical composition of pore water on the isotropic rebound (unloading) curves from high stresses: in the
plane Lnp-void ratio e, they are almost linear trajectories emanating from a restricted a zone with a very
narrow range of void ratios. In our formulation, a constant chemical composition of the pore water is
equivalent, if the pore pressure is constant, to a constant chemical potential of any species in fluid phase,
and if the experiment is performed sufficiently slowly, to a constant chemical potential of any species that
can cross the membrane. Thus, one would be lead a priori to use the effective stress and chemical potentials
as primary variables. However, the formulation is facilitated if the effective stress and the masses of species
in the solid phase fmel

kS ; k 2 S$g (or the molar fractions fxelkS ; k 2 S$g defined consistently from the latter
according to Eq. (2.17)) are considered as primary variables instead. From a practical point of view, the
above mentioned unloading curves can be considered to occur at almost constant xelkS as mechanical loading,
at constant chemical potential lkS , will be shown to have a small influence on the chemical composition of
the solid phase.

Let us introduce the decomposition of the strain and total and effective stress tensors into their spherical
and deviatoric parts, namely

�el ¼ tr�el

3
Iþ dev�el; r ¼ �pIþ s; r ¼ �pIþ s; ð3:14Þ
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with the two first stress-invariants

p ¼ � trr

3
; p ¼ � trr

3
; q ¼ 3

2
s : s

� 	1
2

: ð3:15Þ

Let us consider now the purely chemical contribution to the chemo-elastic potential, namely RT =V0u ðfxelkS ;
k 2 S$gÞ. We require this chemical part to have the classic form (2.7), that is since N el

kK ¼ mel
kKV0=m

ðMÞ
k , we

require ou=oN el
kS ¼ LnxelkS . Then up to a constant depending on the number of moles of solid particles NcS ,

uðfxelkS ; k 2 S$gÞ ¼
X
k2S$

N el
kSLnN el

kS �
X
l2S

N el
lS

 !
Ln

X
n2S

N el
nS

 !
: ð3:16Þ

We are now in position to obtain the chemo-elastic potential in the above motivated mixed form. For that
purpose, we first define a partial Legendre transform Wel

Mðr; fmel
kS ; k 2 S$gÞ of the energy Wel, namely

dWel
Mðr; fmel

kS ; k 2 S$gÞ ¼ dðr : �el �WelÞ ¼ �el : dr �
X
k2S$

lkSdm
el
kS ; ð3:17Þ

from which follow the constitutive relations,

�el ¼ oWel
M

or
; lkS ¼ � oWel

M

omel
kS

; k 2 S$: ð3:18Þ

In the analysis of Na-Montmorillonites (LHG, 2002) the dependence of elastic properties on chemical clay
content could be reduced to the dependence on mass content (in fact the molar fraction) of absorbed water.
In contrast, in heteroionic clays, there are several counterions in the solid phase to consider, with different
impacts on clay deformation and deformability. Thus, the elastic properties are assumed to depend on the
mass content in these counterions. So we set,

Wel
Mðr; fmel

kS ; k 2 S$gÞ ¼ �
X
k2S$

l0
kSm

el
kS � ptr�elj þ jF ðp; pjÞ þ

q2

6G
� RT

V0
u; ð3:19Þ

where u ¼ uðxelkS ; k 2 S$Þ and j ¼ jðxelkS ; k 2 Sþ [ fwgÞ and l0
kS ¼ g0

kS=m
ðMÞ
k , k 2 S$. Here F ðp; pjÞ is the

function that introduces a logarithmic dependence in mean-stress,

F ðp; pjÞ ¼ pLn
p
pj

� p;
dF
dp

¼ Ln
p
pj

; ð3:20Þ

and tr�elj is the value of the elastic volume change when the effective mean-stress varies from the conver-
gence stress pj to a small reference value p0 while the pore fluid is distilled water,

tr�elj ¼ �jdwLn
pj

p0
with jdw ¼ jðxel;dwkS ; k 2 Sþ [ fwgÞ: ð3:21Þ

An estimation of the chemical content of clay clusters, denoted by the symbol dw, when pore water is
distilled is proposed in Appendix D.

In absence of detailed experimental data showing the influence of the chemical composition of pore
water on the shear modulus G, the latter will be simply assumed to be constant. Then, in view of the chemo-
elastic potential (3.19), the elastic constitutive equations (3.18) reduce to:

�el ¼ tr�elj � jLn p
pj


 � I
3
þ s

2G
;

lkS ¼ l0
kS � F ðp; pjÞ

oj

omel
kS

þ RT

mðMÞ
k

LnxelkS ; k 2 S$:

8>><
>>: ð3:22Þ
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Although the formulation is by no means restricted to such states, the manipulations will become more
familiar to Cam–Clay users if the deviatoric stress and strain are assumed to maintain fixed directions
during loading e.g. as for triaxial compression or extension paths, or more generally paths with constant
Lode angle. Then the stress and strain states can be fully characterized by two work-conjugate invariants
only, namely ðp; qÞ and ðtr�el; �elq Þ. An incremental form of the elastic constitutive equations provides
ð�dp; dq; fdlkS ; k 2 S$gÞ in terms of ðdtr�el; d�elq ; fdmel

kS ; k 2 S$gÞ. Note, however, that the masses are
subject to the electroneutrality constraint, precluding the inversion of the above relations. On the other
hand, inclusion of the electrical field as a Lagrangian in conjonction with electro-chemical potentials
provides invertible constitutive equations via a symmetric matrix,

�dp

dq

dlec
wS

dlec
NaS

dlec
KS

dlec
ClS

0

2
666666666664

3
777777777775
¼

Bpp 0 Bpw BpNa BpK BpCl 0

0 3G 0 0 0 0 0

Bwp 0 bww bwNa bwK bwCl 0

BNap 0 bNaw bNaNa bNaK bNaCl nNa

BKp 0 bKw bKNa bKK bKCl nK

BClp 0 bClw bClNa bClK bClCl nCl

0 0 0 nNa nK nCl 0

2
666666666664

3
777777777775

dtr�el

d�elq
dmel

wS

dmel
NaS

dmel
KS

dmel
ClS

d/S

2
666666666664

3
777777777775
: ð3:23Þ

Here the incremental bulk modulus Bpp and the coefficients Bkp, and bkl, are defined as follows:

Bpp ¼
p
j
; Bpk ¼ Bkp ¼ � op

omel
kS

¼ olkS

otr�el
¼ BppLn

p
pj

oj
omel

kS

; k 2 S$; ð3:24Þ

and

bkl ¼ blk ¼
olkS

omel
lS

¼ BkpBlp

Bpp
� F ðp; pjÞ

o2j
omel

kSom
el
lS

þ RT

mðMÞ
k

1

xelkS

oxelkS
omel

lS

; k; l 2 S$: ð3:25Þ

The symmetry of the b’s results from (2.18). Since the elastic shear modulus G is independent of the
chemical composition of the solution, there is no coupling between shear components and chemical vari-
ables. In view of simplifying the notation in the elastic–plastic analysis, it will be convenient to denote the
coefficients related to the shear components by

Bqq ¼ 3G; Bkl ¼ 0; ðk; lÞ 6¼ ðq; qÞ: ð3:26Þ

The last line of (3.23) is obtained by differentiating the electroneutrality relation (2.24)1: note that the latter
is expressed in terms of total masses, but, when the behaviour is elastic, the changes of total and elastic
masses coincide.

Notice that the symmetry of the incremental elastic stiffness is essentially due to the existence of the
(electro-)chemo-elastic potential Wel

M þ
P

k2S$ nkmel
kS/

S .

Remark 3.1. Identification of the pressures in the solid phase.
For incompressible species, the effective electro-chemical potentials of the species in the solid phase, Eqs.

(2.17), (3.12), integrate to

lec
kS ¼ lec

kS �
pW

qkS
¼ l0

kS þ
pkS � pW

qkS
þ RT

mðMÞ
k

LnxelkS þ nk/
S ; k 2 S$: ð3:27Þ

Comparison with (3.22) gives the pressure difference pkS � pW as a function of the variables p; fmel
kS ; k 2 S$g.
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Remark 3.2. A strain-based chemo-elastic potential.
We have argued that extension to solutions containing many species would be easier if we use the above

chemo-elastic potential in mixed form. One can nevertheless formally define a strain-based chemo-elastic
potential Welð�el; fmel

kS ; k 2 S$gÞ. Indeed, the effective mean-stress p can be obtained from (3.22) as
p ¼ pj expððtr�elj � tr�elÞ=jÞ. Substitution of the stress in Wel

M yields the strain-based chemo-elastic po-
tential Wel,

Welð�el; fmel
kS ; k 2 S$gÞ ¼

X
k2S$

l0
kSm

el
kS þ jp þ Gdev�el : dev�el þ RT

V0
u; ð3:28Þ

where u ¼ uðxelkS ; k 2 S$Þ, j ¼ jðxelkS ; k 2 Sþ [ fwgÞ. The constitutive equations follow via (3.13),

r ¼ �pIþ 2Gdev�el; p ¼ pj expððtr�elj � tr�elÞ=jÞ;

lec
kS ¼ l0

kS � F ðp; pjÞ
oj
omel

kS

þ RT

mðMÞ
k

LnxelkS þ nk/
S ; k 2 S$:

8><
>: ð3:29Þ

3.5. A simplified elastic model using the concept of chemical reaction

3.5.1. Cation exchange as a chemical reaction
In view of simplifying the above formalism, we now consider that the cations and adsorbed water do not

affect the mechanical properties independently. We will employ constraint resulting from the chemical
reaction analysis to express these relations of dependence.

The amount of chloride anions in the solid phase is certainly small due to the presence of the negatively
charged clay platelets. So, we may assume that the membrane is impermeable to chloride anions, or even
that the number of moles of chloride anions is negligible,

NClS ’ 0: ð3:30Þ
Therefore, if we account for the actual valences of the cations, fNa ¼ fK ¼ 1, the total number of ex-
changeable cations Nex in the solid phase 3 turns out to be constant, namely from (2.25),

N ðelÞ
NaS þ N ðelÞ

KS ¼ Nex � �fcNcS ¼ constant > 0; ð3:31Þ
where the superscript (el) is intended to imply that the relation is assumed to hold in terms of total numbers
of cations, as well as in terms of the reversible change in their number. Consequently, a single variable is
sufficient to describe the variation of the number of cations in the solid phase. Indeed, the cation exchange,
combined with the mechanism of water absorption into/desorption from the clay crystal solid, may be
viewed as a chemical reaction between solid and fluid phases,

Kþ þNaX � nH2O�KX � mH2OþNaþ þ ðn� mÞH2O; ð3:32Þ
involving

• the cations in pore water Naþ and Kþ,
• the exchange complex NaX � nH2O,
• absorbed or desorbed water, and
• n and m, stoichiometric numbers of moles of interlayer water hydrating a cation.

3 In fact, in the present analysis, Nex can be considered either as the total number of cations in the solid phase or as the number of

exchangeable cations.
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Thus, the difference n� m corresponds to the number of moles of water (per mole of clay) removed from/
added to the solid phase as a result of the cation exchange: it introduces a second variable that describes the
water content of the phases.

According to (3.32), the total and elastic changes in the numbers of moles of cations in the solid and fluid
phases are linked by the following relations,

dN ðelÞ
NaS ¼ �dN ðelÞ

KS ¼ �dN reactive
NaW ¼ dN reactive

KW : ð3:33Þ

Consequences for the relations between changes of (reversible) masses follow from the relation
mðelÞ

kK ¼ mðMÞ
k =V0N

ðelÞ
kK . The molar fractions of absorbed cations and water can be expressed in terms of the

numbers of moles of cations Naþ and of water,

xðelÞNaS ¼
N ðelÞ

NaS

ð1� fcÞNcS þ N ðelÞ
wS

; xðelÞwS ¼ N ðelÞ
wS

ð1� fcÞNcS þ N ðelÞ
wS

: ð3:34Þ

Notice that xðelÞwS depends on a single variable, namely on N ðelÞ
wS .

3.5.2. Enthalpies of hydration and dehydration and the equilibrium constant
We shall consider in particular the smectite defined by X ¼ Al3Si3O10(OH)2 for which we have specific

data available. If we restrict attention to the reaction of cation exchange, setting aside the absorption/
desorption of water, the so-called equilibrium constant Keq can be shown to be equal to the product of two
terms, the first one coming from the mechanical contribution to the chemical potentials, the second one
from the contribution due to the free enthalpies of hydration/dehydration,

Keq ¼
xelKS

xelNaS

xNaW

xKW
¼ exp

�
� Dgmech

RT

	
exp

�
� Dghydr

RT

	
: ð3:35Þ

To prove this relation, it will be convenient to use the effective mole-based chemical potentials gkS ¼ mM
k lkS ,

k ¼ Na, K, and to choose the sole mass content of the sodium as independent variable. Let us start from the
sum of incremental works done by the reversible changes of masses of the cations lkKdmel

kK with k ¼ Na, K,
and K ¼ S, W . In this sum, all the incremental masses can be expressed in terms of dmel

NaS , in view of (3.33).
Hence, equilibrium is found to require that the mass-based chemical activities of the cations are the same in
the solid and fluid phases, namely

AS � AW ¼ 0; ð3:36Þ

with

AK ¼ 1

mðMÞ
Na

ðgNaK � gKKÞ; K ¼ S;W : ð3:37Þ

The terms Dgmech and Dghydr in Eq. (3.35) result from (3.36),

Dgmech ¼ mðMÞ
Na

mðMÞ
K

vðMÞ
KS pKS



� vðMÞ

KW pW

�
� vðMÞ

NaSpNaS



� vðMÞ

NaW pW

�
; ð3:38Þ

and

Dghydr ¼ ðg0
KS � g0

NaSÞ � ðg0
KW � g0

NaW Þ: ð3:39Þ

Here g0
KS is the free enthalpy of formation of the anhydrous part of the hydrated cluster KX � nH2O, with a

similar definition for g0
NaS. g

0
KW and g0

NaW are the free enthalpies of solubility of the cations Kþ and Naþ in
pore water.
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The mechanical contribution to the equilibrium constant can be checked to be very small for the range of
pressures of interest here, so that the first term on the rhs of (3.35) is practically equal to one.

For the smectite NaAl3Si3O10(OH)2 under a pressure of 1 bar and at a temperature T ¼ 298 �K, Tardy
and Duplay (1992) provide the following data for the hydration free enthalpy Dghydr ¼ ð�5591:1�
ð�5565:9ÞÞ � ð�282:5� ð�261:9ÞÞ ¼ �4:6 kJ/mol. The negative sign of this quantity implies the value of
Keq to be greater than 1, in fact Keq ¼ 6:3, and it indicates that the cation exchange from left to right in
(3.32) is spontaneous.

3.5.3. Elastic constitutive equations
In view of the relations (3.30) and (3.33), the incremental elastic energy (3.17) simplifies to

dWel
Mðr; fmel

wS ;m
el
NaSgÞ ¼ �el : dr � lwSdm

el
wS � ASdmel

NaS ; ð3:40Þ
from which follow the constitutive relations,

�el ¼ oWel
M

or
; lwS ¼ � oWel

M

omel
wS

; AS ¼ � oWel
M

omel
NaS

: ð3:41Þ

The elastic constitutive equations are thus completely defined as soon as the potential Wel
M is given, e.g. by

(3.19). In fact, these equations can be viewed as a specialization of Eq. (3.22). Eq. (3.22)1 remains un-
changed as well as the chemical potential of absorbed water, Eq. (3.22)2 for k ¼ w. The only formal dif-
ference for the set of equations (3.22)2 comes from the fact that the difference of partial derivatives
o=omel

NaS � mðMÞ
K =mðMÞ

Na o=om
el
KS now becomes o=omel

NaS in view of (3.33) as the dependence of j on mel
NaS and

mel
KS reduces to a dependence on mel

NaS, so that

AS ¼
1

mðMÞ
Na

ðg0
NaK � g0

KKÞ � F ðp; pjÞ
oj

omel
NaS

þ RT

mðMÞ
Na

Ln
xelNaS

xelKS

: ð3:42Þ

An incremental form of the elastic constitutive equations provides ð�dp; dq; dlwS ; dASÞ in terms of
ðdtr�el; d�elq ; dmel

wS ; dm
el
NaSÞ. In contrast to the general formulation of Section 3.4 , the electroneutrality

condition is now automatically accounted for and the electrical field need not to be involved. The incre-
mental form of the elastic constitutive equations is then defined by a symmetric 4� 4 matrix,

�dp

dq

dlwS

dAS

2
6666664

3
7777775
¼

Bpp 0 Bpw BpNa

0 3G 0 0

Bwp 0 bww bwNa

BNap 0 bNaw bNaNa

2
6664

3
7775

dtr�el

d�elq
dmel

wS

dmel
NaS

2
66664

3
77775: ð3:43Þ

The coefficients Bkl and bkl are still given by the formulas (3.24) and (3.25), to within the last term in (3.25).

4. Elastic–plastic constitutive equations

4.1. Scope of the model

The analysis presented in LHG (2002) was devoted to clays which contain essentially one cation, like the
Ponza bentonite studied by Di Maio (1996) which is an essentially Na-Montmorillonite. The presence of
several cations not only requires to account explicitly for electroneutrality but it also produces new aspects
in the behaviour, as the relative contents of the two cations vary, as a consequence of the chemical
composition of the pore water. These aspects have been introduced in the elastic behaviour through
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j-dependence in the molar fractions of the cations. However, experimental data available so far in the
literature do not reveal effects on the plastic behaviour typical of the presence of several cations. Therefore,
the elastic–plastic model will follow the same trend as for Na-Montmorillonites, to within the fact that the
relative contents of the cations will be kept trace of. The main features of the elastic–plastic behaviour that
we want to model are motivated first by the experimental observations of Di Maio and Onorati (1999) on
Bisaccia clay, a clay of marine origin.

4.1.1. Mechanical loading
The specimen is in contact with a large reservoir of constant chemical composition and at atmospheric

pressure, so that pW � 0. The load is continuously varied, sufficiently slowly however in such a way that
electro-chemical equilibrium can be established at the end of each load increment. Therefore, one may
assume the electro-chemical potentials of all species that can transfer to be equal, at the end of each load
increment, to the known electro-chemical potentials of their counterparts in pore water. Experiments show
that the curves e–Lnp are approximately straight and converging to a small void ratio interval. However,
the slopes of the loading and unloading curves decrease as the Na-content of the pore water increases. This
trend holds whatever this content, that is from zero Na-content (distilled water) to saturated solutions (that
is at 20 �K and under atmospheric pressure, 6.15 moles of NaCl per liter of water).

4.1.2. Chemical loading: chemical consolidation and swelling
Under constant mechanical conditions, a chemical loading consists in varying the Na-content, or

K-content, of the pore water. When the latter increases, the void ratio decreases, and this decrease rate is
especially large at small salt content. When the specimen is re-exposed to distilled water, its volume in-
creases. These volume changes are in qualitative agreement with the osmotic effect: increase of salt content
leads to an increase of pore water pressure, and this in turn leads to water desorption. Alternatively, one
may say that water desorption/absorption occurs to equilibrate the salt contents in pore water and clay
pockets.

4.1.3. Elastic and elastic–plastic behaviours: chemical softening and preconsolidation
Mechanical loading at constant chemical composition corresponds clearly to an elastic–plastic behaviour

while mechanical unloading can be conjectured to be purely elastic, see Fig. 8 of Di Maio (1996). The
situation is more complex for chemical loadings. At relatively small stresses, chemical loading cycles on
Ponza Bentonite (void ratio between 1 and 8) seem to be practically reversible while the amount of plastic
contractancy increases with the applied stress, Fig. 7 of Di Maio (1996).

However, mechanical loading following chemical consolidation was observed to give rise to precon-
solidation on reconstituted specimens of Bisaccia clay (void ratio between 1 and 3), Fig. 7 of Di Maio and
Fenelli (1997).

During chemical loading on normally consolidated materials, the elastic–plastic model developed in
LHG (2002) and adapted here to the presence of two cations shows first an elastic–plastic behaviour fol-
lowed by an elastic behaviour, thus displaying both plasticity and preconsolidation due to chemical effects.
The relative importance of the plastic stage increases with confining stresses. In a simplified version of the
model, chemical loading on normally consolidated materials occurs in the elastic regime.

The behaviour qualitatively described above is now given an analytic expression.

4.2. Incremental elastic–plastic relations

4.2.1. The general case of compressible species
The generalized strains are decomposed in an elastic part (superscript el) and a plastic part (superscript

pl), namely

4344 A. Gajo et al. / International Journal of Solids and Structures 39 (2002) 4327–4362



� ¼ �el þ �pl; vW ¼ velW þ vplW ; mkS ¼ mel
kS þ mpl

kS ; k 2 S$: ð4:1Þ

The plastic incremental flow relations are motivated by the dissipation inequality (3.7)1. In fact, let us first
substitute dWel by dWel

W þ dWel using (2.30) and (3.9), and second let us use the strain decomposition (4.1).
The resulting dissipation dD1,

dD1 ¼ r : d�pl þ pW dvplW þ
X
k2S$

lkSdm
pl
kS P 0; ð4:2Þ

motivates the generalized normality flow rule,

d�pl ¼ dK
og
or

; dvplW ¼ dK
og
opW

; dmpl
kS ¼ dK

og
olkS

; k 2 S$; ð4:3Þ

where dK P 0 is the plastic multiplier and g ¼ gðr; pW ; flkS ; k 2 S$gÞ the plastic potential.

4.2.2. Incompressible species
Henceforth, the analysis is restricted to incompressible species. The incompressibility constraint (2.32),

that holds in both the elastic and elastic–plastic regimes, provides the increment of plastic volume change of
the fluid phase,

dvplW ¼ dtr�pl �
X
k2S$

dmpl
kS

qkS
: ð4:4Þ

The dissipation inequality (4.2) becomes

dD1 ¼ r : d�pl þ
X
k2S$

lkSdm
pl
kS ¼ �ptrd�pl þ s : devd�pl þ

X
k2S$

lkSdm
pl
kS P 0: ð4:5Þ

If, for simplicity, the analysis is restricted to stress paths with constant Lode angles, that expression mo-
tivates the generalized normality flow rule

trd�pl ¼ �dK
og
op

; devd�pl ¼ dK
og
oq

3

2

s

q
; dmpl

kS ¼ dK
og
olkS

; k 2 S$: ð4:6Þ

Notice that in general the plastic increment of volume change of the fluid phase (4.4) has no reason to
vanish: in fact, it has been introduced specifically in order the incompressibility condition be satisfied. Its
existence in the compressible case allows a smooth transition between compressible and incompressible
materials.

4.2.3. Mechanical and chemical hardening/softening
The lines of volume changes during mechanical loadings have a slope kðlkS ; k 2 Sþ [ fwgÞ and converge

to a point pk,

tr� ¼ tr�k � kðlkS ; k 2 Sþ [ fwgÞLn p
pk

; tr�k ¼ �kdwLn
pk

p0
; ð4:7Þ

while the unloading curves emanate a priori from a different point pj, Eqs. (3.21), (3.22),

tr�el ¼ tr�elj � jðxelkS ; k 2 Sþ [ fwgÞLn p
pj

; tr�elj ¼ �jdwLn
pj

p0
; ð4:8Þ

with kdw ¼ kðldw
kS ; k 2 Sþ [ fwgÞ, jdw ¼ jðxel;dwkS ; k 2 Sþ [ fwgÞ. Combining these two relations provides the

preconsolidation stress pc. In order to reduce the chemical dependence of pc to a single type of parameter,
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namely the chemical potentials, we introduce a slight qualitative modification, expressing the chemical
dependence of j as ~jj ¼ ~jjðlkS ; k 2 Sþ [ fwgÞ. The resulting preconsolidation stress,

ðk � ~jjÞLn pc
p0

¼ �tr�pl þ ððk � ~jjÞ � ðkdw � ~jjdwÞÞLn pk

p0
þ ð~jj � ~jjdwÞLn pk

pj

; ð4:9Þ

with differential

ðk � ~jjÞ dpc
pc

¼ �dtr�pl þ Ln
pk

pc
dk � Ln

pj

pc
d~jj; ð4:10Þ

appears as a modification of the usual Cam–Clay expression, which is recovered when both pj ¼ pk and
k � ~jj is independent of chemical content of the solid phase.

4.2.4. Incremental relations
We now specialize (4.6) and, following the arguments above, the plastic potential g and the yield

function f will be assumed to depend only on p; q; flkS ; k 2 Sþ [ fwgg, and on tr�pl, which allows for
hardening or softening. For plastic loading, that is the stress point is on the yield surface and stays there,
f ¼ 0 and df ¼ 0, the incremental constitutive equations become,

�dp

dq

dlec
wS

dlec
NaS

dlec
KS

dlec
ClS

0

2
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3
777777777775
¼
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dtr�

d�q
dmwS

dmNaS

dmKS

dmClS

d/S

2
666666666664

3
777777777775
: ð4:11Þ

The incremental moduli Bep
kl and bep

kl differ from their elastic counterparts Bkl which can be read from (3.23),
and bkl, Eq. (3.25), by a dyadic product, namely:

Bep
kl ¼ Bkl �

1

H
gkfl; k; l 2 fp; q; S$g; ð4:12Þ

and

bep
kl ¼ bkl �

1

H
gkfl; k; l 2 S$: ð4:13Þ

The general expressions of the coefficients entering in (4.11), namely fk, gk, k 2 fp; q; S$g, of the plastic
modulus H > 0 and the hardening modulus h are reported in Appendix B, together with their specializa-
tions when the yield function and plastic potential are of the Modified Cam–Clay type, namely

f ¼ f ðp; q; flkS ; k 2 Sþ [ fwgg; tr�plÞ ¼ q2

M2p
þ p � pc; ð4:14Þ

with M ¼ MðlkS ; k 2 Sþ [ fwgÞ and pc ¼ pcðflkS ; k 2 Sþ [ fwgg; tr�plÞ. Notice that the major symmetry of
the elastic–plastic incremental relations holds iff the flow rule is associative, namely f ¼ g.

Remark 4.1. The simplified model without chemical preconsolidation.
When the difference k � j is constant and the effective mean-stresses pj and pk are equal, the precon-

solidation stress pc, Eqs. (4.9), (4.10), does not depend on the chemical effects. Chemical loadings and
unloadings are then elastic, Fig. 3 of LHG (2002). Furthermore, the incremental response to isotropic paths
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simplifies, since then f and g do not depend on the chemical potentials: dq ¼ 0, d�q ¼ 0, and, for the as-
sociative Modified Cam–Clay (4.14),

Bep
kp ¼

j
k
Bkp; k 2 fp; S$g; bep

kl ¼ bkl �
1

H
BkpBlp; k; l 2 S$; ð4:15Þ

with

H ¼ 1

k � j

�
þ 1

j

	
p: ð4:16Þ

4.2.5. The simplified elasto-plastic model using the concept of chemical reaction
The formulation is now specialized using the concept of chemical reaction in line with the development

of Section 3.5.
Satisfying the relation (3.31) for both the elastic and total number of moles of cations requires the

variations of the elastic and plastic (i.e. irreversible) numbers of moles of cations to be opposite,

dNpl
NaS þ dNpl

KS ¼ 0: ð4:17Þ
Therefore the dissipation inequality (4.5) becomes,

dD1 ¼ �ptrd�pl þ s : devd�pl þ lwSdm
pl
wS þ ASdm

pl
NaS P 0: ð4:18Þ

If, for simplicity, the analysis is restricted to stress paths with constant Lode angles, that expression mo-
tivates the generalized normality flow rule

trd�pl ¼ �dK
og
op

; devd�pl ¼ dK
og
oq

3

2

s

q
; dmpl

wS ¼ dK
og
olwS

; dmpl
NaS ¼ dK

og

oAS
; ð4:19Þ

with the generalized potential g ¼ gðp; q; lwS ;ASÞ. The yield function f has the same arguments as g plus
tr�pl which allows for hardening and softening.

The calibrations of typical interpolation functions for k and M in terms of flwS ;ASg are provided in
Appendix C.

5. Simulations of chemo-mechanical processes

The subsequent simulations aim at quantifying the ability of the simplified model using the concept of
chemical reaction to capture the main features of the chemo-mechanical couplings that have been described
in Section 4.1. For that purpose, it would be desirable to have available a series of experiments on ho-
mogeneous specimens. A key difficulty stems from the time duration necessary to perform chemical
loadings for which chemical equilibrium can be considered to hold at any time. States at which macro-
transport processes have become steady at desired concentrations deemed uniform throughout the speci-
men are considered only. An order of magnitude of the duration the physico-chemical processes need to
reach equilibrium can be grasped from the chemical tests at fixed mean-stresses shown in Figs. 5(a) and
8(a). They refer to oedometric tests on cylindrical specimens of initial height 20 mm. However for the sake
of simplification, they are used as isotropic tests for parameter calibration and subsequent simulations.
Chemical consolidation appears to reach equilibrium in few days, while swelling is a much slower process,
requiring several weeks. The experimental data used here are assumed to represent effectively a succession
of equilibrium states, that is, with reference to the simplified model,

lwS ¼ lwW ; AS ¼ AW : ð5:1Þ
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5.1. Model calibration

The behaviour of Ponza bentonite, an essentially Na-montmorillonite clay, is explained by the one-salt
model exposed in LHG (2002). Part of the behaviour of Bisaccia clay, a natural marine-origin clay, is
explained by this model as well when it is exposed to distilled water or saline solutions of NaCl only.
However, when chemical loading involves another salt, it is necessary to have a finer description of the solid
phase. In line with the present modeling, Bisaccia clay will be considered to contain two essential cations,
Naþ and Kþ. The directly measurable material parameters of these clays are reported in Table 1 and the
resulting model coefficients are provided in Table 2.

The compliances jð¼ ~jjÞ and k are defined through a double interpolation between two sets of extreme
situations, as detailed in Appendix A and in Appendix C respectively. One interpolation is based on the
chemical potential of absorbed water as in LHG (2002). The second interpolation is based on the chemical
activity. Indeed, we consider in turn the two hypothetical extreme situations where the molar fraction of
one cation, say cation Naþ, overweights the other in both phases. Let us give a flavour of the procedure for
the elastic–plastic compliance k. In reference to Fig. 2, the corresponding states are referred to as belonging
to the Na-plane and k is noted kNa. We measure kdw

Na and ksat
Na corresponding respectively to distilled water

and NaCl-saturated solution. The chemical effect on kNa is introduced through a first interpolation between
these two situations, for example

kNaðlwSÞ ¼ k1NaUðk3NahNaðlwSÞÞ þ k2Na; ð5:2Þ

where the kiNa’s, i ¼ 1, 3, are constants and U and hNa two interpolation functions.
The same procedure is followed to define the kiK’s, i ¼ 1; 3. Next, a second interpolation is defined

between the two reference planes, namely Na-plane and K-plane, based on the weights ~xxk, k ¼ Na, K, Eq.
(C.8), namely

k ¼ k1Uðk3hÞ þ k2; ð5:3Þ

with

k1 ¼
X

k¼Na;K

~xxkk1k; k2 ¼
X

k¼Na;K

~xxkk2k; k3hðlwSÞ ¼
X

k¼Na;K

~xxkk3khkðlwSÞ: ð5:4Þ

These weights, which are linked to the chemical activity, Eq. (C.9)1, are based on the relative numbers of
moles of the cations sodium and potassium.

The Ponza bentonite and Bisaccia clay have been remolded using distilled water and later exposed to
various saline pore solutions. During mechanical loading, the samples are assumed to remain in contact
with their initial pore solution; however even if they are exposed to distilled water during the mechanical

Table 1

Material parameters

Material jdw
Na jsat

Na kdw
Na ksat

Na jdw
K jsat

K kdw
K ksat

K

Bisaccia clay 0.120 0.010 0.200 0.090 0.013 0.005 0.093 0.085

Ponza bentonite 0.081 0.011 0.171 0.101 0.020 0.014 0.110 0.104

Table 2

Model coefficients

Material j1Na j3Na k1Na k3Na j1K j3K k1K k3K Keq pj (kPa) pk (kPa)

Bisaccia clay �0.11 3.5 �0.11 6.0 �0.008 3.5 �0.008 6.0 5.0 800 800

Ponza bentonite �0.07 6.0 �0.07 6.0 �0.006 6.0 �0.006 6.0 5.0 1400 2600
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loading, the duration of the mechanical test is so small that a chemical loading which involves a diffusion
process has no time to take place.

Initial conditions are obtained as described in Appendix D with a ¼ 0. The corresponding numbers of
moles for one cubic meter of porous media are given in Table 3. The chemical content of pore water is
obtained from Eq. (D.7). At 20 �K, water saturation by the sole NaCl is reached for xsatNaW ¼ 0:091, and
water saturation by the sole KCl is xsatKW ¼ 0:078. Saturation in presence of the two salts is not experienced
in the simulations reported here.

In fact, not all the measurable quantities listed in Table 1 are available. Practically, the identication
procedure is skewed by the fact that there are many more data in or close to the Na-plane than to the K-
plane. In the Na-plane, the parameters corresponding to both distilled pore water and NaCl-saturated
solution are available, that is measurable directly from the stress–strain curves or through slopes. The other
parameters are either guessed or defined in order to satisfy some qualitative specification as described
below. Partial information grasped from experimental data indicates that the presence of cations Kþ in the
solid phase stiffens the mechanical behaviour, that is, it reduces significantly the compliances j and k.

In LHG (2002), it was observed that chemical loading and unloading at constant stress are purely elastic
processes if the difference k � ~jj is constant while the limit mean-stresses pj and pk are equal. In fact, this
follows from (4.10) which then simplifies to

ðk � ~jjÞ dpc
pc

¼ �dtr�pl þ Ln
pk

pc
dðk � ~jjÞ: ð5:5Þ

Clearly, for k � ~jj constant, the preconsolidation stress is not affected by changes of the chemical state.
However, some experiments by Di Maio (1996) show that chemical loading cycles are accompanied with
irreversible strains, whose intensity increases with the mean-stress level. Consequently, k � ~jj should depend
in general on the chemical state, which for homoionic clays, is defined by the chemical potential of water
lwS . One may expect the chemical activity of the cations to be involved as well for heteroionic clays.

In order to analyze the chemical influence on pc, let us consider temporarily a simplified setting. The
functions hk, k ¼ Na, K, Eq. (5.2), which introduce the dependence with respect to the chemical potential of
absorbed water lwS , are taken to be the same for both cations, that is

j3k ¼ j3; k3k ¼ k3; hkðlwSÞ ¼ hðlwSÞ for k ¼ Na; K: ð5:6Þ
The dependence of k � ~jj with respect to the chemical potential of absorbed water and to the chemical
activity can be identified via (5.2)–(5.4),

dðk � ~jjÞ ¼ oðk � ~jjÞ
o ~xxNa

d ~xxNa þ
oðk � ~jjÞ
olwS

dlwS ; ð5:7Þ

where

oðk � ~jjÞ
o ~xxNa

¼ ðk1Na � k1KÞUðk3hÞ � ðj1Na � j1KÞUðj3hÞ þ ðkdw
Na � kdw

K Þ � ðjdw
Na � jdw

K Þ; ð5:8Þ

and

oðk � ~jjÞ
olwS

¼ ðk1k3U
0ðk3hÞ � j1j3U

0ðj3hÞÞ
dh
dlwS

: ð5:9Þ

Table 3

Initial conditions and other physical data

Material e0 pc0 (kPa) NcS NwS NNaS NKS NwW 1� xwW fc

Bisaccia clay 3.30 10 1570 21,100 278 245 21,100 10�6 �0.33

Ponza bentonite 8.00 40 1570 21,100 491.4 31.9 81,446 10�6 �0.33
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Then the coefficient of the chemical activity in (5.7) vanishes, and only the chemical potential of absorbed
water influences pc, if the material coefficients satisfy the following restrictions,

ksat
Na � jsat

Na ¼ ksat
K � jsat

K ; kdw
Na � jdw

Na ¼ kdw
K � jdw

K ; k3Na ¼ k3K ¼ j3Na ¼ j3K: ð5:10Þ

If in addition, k1 ¼ j1, that is, if

ksat
Na � jsat

Na ¼ ksat
K � jsat

K ¼ kdw
Na � jdw

Na ¼ kdw
K � jdw

K ; k3Na ¼ k3K ¼ j3Na ¼ j3K; ð5:11Þ

there is no chemical influence any longer on pc and therefore chemical loadings and unloadings at constant
effective stress are elastic, if pk ¼ pj.

However, in LHG (2002), the values of j3Na and k3Na, which can be identified as chemical consolidation/
swelling slopes, Eq. (C.5), were shown to be distinct for Bisaccia Clay. On the other hand, in absence of
available data, we shall accept the constraints (5.6)1;2 which require that these slopes are the same for the
Na- and K-planes of Fig. 2. In addition, we do not have specific data that allow to explore the intensity of
plasticity for paths at constant chemical activity and at constant chemical potential of water respectively.
Therefore, we shall accept that the distance between the elastic and plastic coefficients is a constant in the
Na- and K-planes, and that this constant is the same in these two planes as indicated by the first set of
equalities in (5.11).

For Ponza bentonite, the identification procedure of LHG (2002) provides parameters on the Na-plane
that verify the related constraints dictated by (5.11). The parameters in the K-plane are chosen in order that
all the relations in (5.11) be satisfied. However, plasticity during purely chemical loadings can occur if the
limit stresses pj and pk are not equal.

The first set of equalities in (5.11) leaves a single value to be ascribed for the parameters in the K-plane,
say kdw

K . After the initial state corresponding to distilled water has been obtained in the solid phase, the
parameter kdw

K can be calculated using the interpolation rules since the corresponding elastic–plastic slope is
available.

5.2. Mechanical and chemical loading cycles

In order to highlight the strong effects of chemical loading, the evolution of the void ratio for the
specimen which is in contact with distilled water and undergoes a purely mechanical loading is used as a
reference, marked by dashed curves in Fig. 3.

Fig. 3 shows mixed chemo-mechanical loading and unloading cycles. The mechanical load is the effective
mean-stress while the chemical load is the molar fraction of NaCl in pore water. The simulated consoli-
dation curves are nearly straight. The three tests in Fig. 3 differ by the values of the effective mean-stresses
at which the chemical loadings (replacement of distilled pore water by NaCl-saturated solution) and un-
loadings (return to a distilled pore-water solution) take place.

Since k � ~jj is not constant, chemical loading leads first to a change, in fact a decrease, of the precon-
solidation stress pc, a phenomenon that can be referred to as chemical softening. Thus plasticity occurs to
compensate for this negative effect and to maintain the preconsolidation stress equal to the applied stress, up
to a point from which the chemical influence on pc becomes positive, i.e. pc increases due to the increase of
Naþ in solid phase, leading to chemical hardening and preconsolidation, Fig. 7(a). Plasticity gives rise to an
increased chemical consolidation. During chemical unloading, the swelling is partly elastic and partly
elastic–plastic, as can be checked from Fig. 7(b). The volume change is larger than during chemical con-
solidation, and in this respect the behaviour of Bisaccia clay is quite distinct from that of Ponza bentonite.
Indeed for the latter, the void ratio at the end of swelling practically returns to the dashed curve of the purely
mechanical cycle, see Fig. 6 in LHG (2002). The reason of this different behaviour is due to the presence of
two cations in the solid phase of Bisaccia clay. The initial state contains the two cations in a certain pro-
portion, point P1 in Fig. 4(a). Increase of the Na-content leads to a decrease of j, point P2, but later chemical
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unloading leads to a value of j larger than the initial one, point P3, Fig. 4(a). Mechanical loading-unloading
has a small effect on the chemical composition of the solid phase, so that the state does not change signif-
icantly from the end of the chemical consolidation to the beginning of chemical swelling, i.e. P2 � P0

2.

Fig. 3. Mechanical load cycle on Bisaccia clay exposed to distilled water (dashed curve). Chemo-mechanical loading cycles with re-

placement of the distilled water solution by a NaCl-saturated solution, later replaced itself by the distilled water solution (solid curve).

The three sets of data and simulations differ by the mean-stresses at which chemical loading and unloading are performed. Re-

placement of preexisting cations Kþ in the clay cluster by cations Naþ implies that swelling is larger than chemical consolidation as

explained by the increase of mechanical compliances shown in Fig. 4(a). Experimental data by Di Maio and Fenelli (1997), their Fig. 7.
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The fact that j is larger at P3 than at P1 is responsible for the larger swelling observed in the simulations
of Fig. 3, in agreement with experimental data. On the other hand, for the Ponza bentonite studied in LHG
(2002), the whole process was occurring in the Na-plane of Fig. 4(a), so that the initial and final values of j,
like their representative points P1 and P3, were quite close.

Due to irreversibilities and non-linearities involved in chemical coupling, model simulations of chemical
loading and unloading will be highly dependent on the assigned path in terms of the mass contents or molar
fractions of the species in pore water. In the following, for the sake of simplicity, we assume that the sample
is in contact with a water reservoir having a volume equal to the pore volume of the sample. Actually the
volume of water surrounding a sample in an oedometric cell is usually larger than the value here assumed.
The chemical loading is simulated by adding a controlled mass of NaCl salt to free and pore water. This
addition induces an increase of the molar fraction xNaW , which, in the initial phase of loading, is coun-
terbalanced by the release of Kþ from absorbed water, point P1 to point P2 in Fig. 5(b). This counter-
balance phenomenon is particularly important at low values of xNaW and induces the curved increase of the
relative weight of Naþ in the solid phase as shown in Fig. 6 from point P1 to point P2. In fact, one should
stress that the exact experimental set up has a quantitative influence on the absorption/desorption pro-
cesses. For example, increasing the ratio volume of reservoir water versus volume of pore water decreases
the curvature of the path P1 to P2. The chemical unloading was simulated by the subtraction of masses of
both NaCl and KCl from the reservoir and pore water, point P2 to point P3 in Figs. 5(b), 6: the idea is to
mimic the frequent substitutions of reservoir water performed experimentally.

5.3. Chemical loading cycles involving two salts

After equilibrium with a distilled pore water at p ¼ 40 kPa has been reached, cycles of chemical loading
and unloading are applied while the effective stress is kept fixed. A chemical cycle consists in exposing the
sample to a salt-saturated solution (chemical loading), subsequently replaced by distilled water (chemical
unloading). The salts used here are NaCl and KCl. Results are presented in Figs. 5–8.

Fig. 4. Qualitative evolution of the elastic compliance j during the chemical loadings described by Figs. 3 and 5. The initial state, Point

P1, is located on the line of minimal cation content which ensures electroneutrality for a distilled pore water, see Fig. 2. The subsequent

changes of the chemical content of pore water leads to changes in the solid phase which are accompanied with variations of j, Points P2

to P5, as described in Appendix A. As a general rule, both compliances j and k are much smaller on the K-plane than on the Na-plane.
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Tests concern Bisaccia clay, Fig. 5, and Ponza bentonite, Fig. 8. For Bisaccia clay, the first chemical
consolidation due to saturation of pore water by NaCl leads to some plasticity as described in relation to
Fig. 3. Also in agreement with the observations regarding that figure, the amount of contractancy due to
plasticity is not sufficient to overcome the increase of j due to the subsequent exposure to distilled water,
path P2 to P3 in Fig. 4(b): therefore the chemical cycle results in a net dilatancy. However for Ponza clay,
the initial state is much closer to the Na-plane in Fig. 2. Therefore, the change of j at the end of the

Fig. 5. Complex chemical loading on Bisaccia clay with successive replacements of the pore solution after equilibrium has been reached

under the fixed effective mean-stress p ¼ 40 kPa. Pore solution is 1/ distilled water, 2/ a Na-saturated solution, 3/ distilled water, 4/ a K-

saturated solution, and finally 5/ distilled water. Replacement of preexisting cations Kþ by cations Naþ implies that the first swelling is

larger than chemical consolidation, and the second swelling much smaller in agreement with Fig. 2. Evolution during the process of (a)

the height of the oedometer, (b) the volumetric strain, (c) the relative number of cations Naþ in solid phase. Experimental data by Di

Maio and Fenelli (1997), their Fig. 4.

Fig. 6. Evolution of the relative number of cations Naþ in the solid phase with respect to the total number of exchangeable cations Nex

for the loading process on Bisaccia clay of Fig. 5.
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chemical cycle is quite small, and consequently, the occurrence of plasticity during chemical consolidation
results in a net contractancy at the end of the first cycle.

The first exposure to a KCl saturated pore water solution leads to a large decrease of j, path P3 to P4 in
Fig. 4(b): since jsat

K � jdw
Na ¼ �0:115 is almost equal to jsat

Na � jdw
Na ¼ �0:110, the associated decrease of

volume is quite similar (to within the sign) to the volume increase due to the previous exposure to distilled
pore water, Figs. 5 and 8. Subsequent exposures to distilled water and KCl saturated solutions display small
volume changes since the values of j remain small as the path remains close to the K-plane in Fig. 4(b), e.g.
path P4 to P5 associated to Fig. 5.

The effect of the equilibrium constant Keq, also referred to as selectivity coefficient, is illustrated by the
evolution of the relative number of cations Naþ with respect to the total number of cations present in the
solid phase, Figs. 5(c) and 8(c). In fact, saturation of the pore water by NaCl leads to a relative increase of
cations Naþ in the solid phase, but the percentage of cations Kþ that are not desorbed is still significant at
the end of the first cycle. On the other hand, saturation of the pore water by KCl leads to almost complete
desorption of the cations Naþ. This information is also readable from Fig. 6 which provides in addition the
quantitative evolution of the relative number of cations Naþ with the chemical content of pore water.

Notice that the model forecasts a progressive replacement of the absorbed cations by cations Naþ at the
first stage of loading history, Fig. 8(c). However, the amplitude of the phenomenon is much smaller than
experimentally observed, Fig. 8(a). One explanation might be that the initial content in absorbed cations
Naþ is smaller than assumed in the simulations.

Fig. 7. Evolution of the mechanical properties and of the preconsolidation stress pc during chemical loadings and unloadings at

constant p ¼ 40 kPa shown in Fig. 5. The behaviour is elastic–plastic initially: plastic contractancy occurs first to compensate for

chemical softening and maintain constant pc ¼ p. Where the chemical influence on pc is positive, it results in an elastic behaviour and

preconsolidation. The subsequent exposure to water (b) shows also some plasticity (where pc is equal to the applied p) which disappears

in the next cycle, (c), (d). The successive points P1; . . . ;P5 refer to Fig. 6.
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Since we are concerned here with pointwise material properties, the time scale along the abscissa in Figs.
5 and 8(b), (c) is purely fictitious: only the equilibrium values (horizontal segments) are obtained by the
constitutive equations. In order to obtain the time-evolution of the volume change of the sample, a
complete initial and boundary value problem involving transfer and diffusion effects will have to be con-
sidered (Gajo and Loret, 2002).

6. Comparison with the model of LHG (2002) and conclusions

The model developed here can be viewed as extending the classic elastic–plastic framework for porous
media to account for electro-chemo-mechanical couplings. Therefore, it can capitalize upon the available

Fig. 8. After equilibrium has been reached under the fixed effective mean-stress p ¼ 40 kPa, a complex chemical loading is performed

consisting of successive replacements of the pore solution. Experimental data on Ponza bentonite by Di Maio (1998), her Fig. 15. The

presence of cations Kþ stiffens significantly the mechanical properties.
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theoretical and computational developments in view of solving initial and boundary value problems in a
multi-dimensional setting. Although analyses of instrumented in situ cases are the ultimate goal, it will be
necessary in a first step to simulate laboratory tests to check the validity of certain assumptions that have
been made to interpret the experimental results, e.g. assumption of chemical equilibrium and homogeneity
of the chemical fields throughout the sample at the times where measurements are made. Such an analysis is
presented in Gajo and Loret (2002).

The present electro-chemo-mechanical constitutive model for heteroionic clays (used for two cations)
reduces smoothly to the chemo-mechanical model for Na-Montmorillonite clays when the relative fraction
of cations Naþ overweights that of Kþ. In fact, the present simulations of Ponza clay displays two mod-
ifications with respect to the ones shown in LHG (2002). In LHG (2002), salt was not allowed to transfer
from the solid phase to the fluid phase and conversely, although the general scheme allowed for that
possibility. The reason to prevent that transfer was that the model did not recognize cations and anions
but only salts, e.g. NaCl, and so transfer of Naþ in the solid phase would have brought anions Cl� as well.
On the other hand as in LHG (2002), the total amount of absorbed salts, that is cations and anions, is
constant, due to the assumption of a negligible amount of chloride anions and electroneutrality. A second
modification is that the present model recognizes that Ponza bentonite, although an essentially Na-
Montmorillonite, contains also cations Kþ whose relative weight strongly matters. Therefore while the
representative states of the solid phase shown in Figs. 2 and 4 were in the Na-plane in LHG (2002), they are
now, more realistically, close to that plane as long as pore water is distilled or contains NaCl. If another
cation, like Kþ, of selectivity constant greater than one with respect to Naþ is dissolved in pore water, it
transfers at a fast rate in the solid phase, e.g. Figs. 6 and 8(c), the cations Naþ are desorbed and the
representative states in Fig. 4 leaves the Na-plane to get closer to the K-plane.

The model is three-dimensional, even if the first basic verifications presented here concern isotropic
loadings. Drained and undrained triaxial tests, for which experimental data exist, have been simulated in
LHG (2002).

The data available show that cations Naþ and, more drastically, Kþ stiffen significantly the mechanical
properties j and k. Data from Di Maio and Onorati (1999) also show that samples in contact with a NaCl
solution have a friction angle which increases with the salt content of the solution. The model presented
here can incorporate the variation of friction angle due to chemical content of the solid phase through the
parameter M, Appendix C. However, we do not have available data showing whether or not exposure of
samples to KCl solutions has a still stronger effect on the friction angle than exposure to NaCl solutions.
For that purpose, triaxial drained or undrained tests have to be performed.
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Appendix A. Chemical interpolation of the elastic coefficient j

To estimate the effect of pore water composition on the elastic coefficient j, one has in a first step to find
the elastic molar fractions xelkS , k 2 S$, which initially are equal to the total molar fractions xkS : these
quantities are not controlled, they are a by-product of the constitutive equations.

With this preliminary step in mind, we consider in turn the two hypothetical extreme situations where the
molar fraction of one cation, say cation Naþ, overweights the other in both phases. We get measures or
approximations of the values of jdw

Na and jsat
Na corresponding respectively to a distilled and salt-saturated
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pore water. Then, chemical influence of absorbed water on j is introduced through interpolation between
these two situations. The same calibration is performed on the K-plane where the molar fraction of cations
Kþ overweights that of cations Naþ.

The complete expression of j is obtained by a second interpolation over the molar fractions of the
cations.

The notations ðxellSÞ
k sat

and ðxellSÞ
k dw

refer to the molar fractions where only cation k is present in the solid
phase and the pore water solution is either k-saturated or distilled water. The influence of absorbed water is
introduced via the scaling functions hkðxelwSÞ,

hkðxelwSÞ ¼
xelwS=ðxelwSÞ

kdw � 1

ðxelwSÞ
ksat

=ðxelwSÞ
kdw � 1

; k ¼ Na; K; ðA:1Þ

and the individual influence of the cations by the weighting function xk,

xkðxelNaS ; x
el
KSÞ ¼

xelkS
xelNaS þ xelKS

; k ¼ Na; K; ðA:2Þ

and so xNa ¼ 1� xK. The elastic coefficient jk on the plane k is assumed in the form

jk ¼ jkðxelwSÞ ¼ j1kUðj3khkÞ þ j2k; k ¼ Na; K: ðA:3Þ
For definiteness, we take

Uð0Þ ¼ 0; U0ð0Þ � dU
dy

ðy ¼ 0Þ ¼ 1: ðA:4Þ

For example, U may be the hyperbolic tangent tanh and then U0ðyÞ ¼ 1� tanh2ðyÞ.
The coefficients j1k, j2k and j3k are obtained from the four measurable quantities jkdw and jk sat and from

the slopes dj=dxelwSðxelwS ¼ ðxelwSÞ
k dwÞ, k ¼ Na, K, namely

j2k ¼ jdw
k ; j1k ¼

jsat
k � jdw

k

Uðj3kÞ
; k ¼ Na; K; ðA:5Þ

and

j3k

Uðj3kÞ
¼ ðxelwSÞ

k sat � ðxelwSÞ
k dw

jsat
k � jdw

k

dj
dxelwS

ðxelwS ¼ ðxelwSÞ
k dwÞ; k ¼ Na; K: ðA:6Þ

Next, one defines an interpolation between the Na- and K-planes,

j ¼ j1Uðj3hÞ þ j2; ðA:7Þ
with

j1 ¼
X

k¼Na; K

xkj1k; j2 ¼
X

k¼Na; K

xkj2k; j3hðxelwSÞ ¼
X

k¼Na;K

xkj3khkðxelwSÞ: ðA:8Þ

The following derivatives are needed,

oxk

oxelkS
¼ � oxl

oxelkS
¼ xk

xelkS
ðIkl � xlÞ; k; l ¼ Na; K; ðA:9Þ

and

dhk

dxelwS

¼ 1

ðxelwSÞ
k sat � ðxelwSÞ

k dw ; k ¼ Na; K; ðA:10Þ
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in order to calculate

dj ¼
X

k¼Na; K

ðj1kUðj3hÞ þ j2k þ j1j3khkU
0ðj3hÞÞdxk þ j1j3kxkU

0ðj3hÞdhk: ðA:11Þ

which in turn, together with (2.18), is used to calculate

oj
omel

kS

¼
X

l2Sþ[fwg

oj
oxellS

oxellS
omel

kS

: ðA:12Þ

Simplifications arise if the relation (3.31) is used. Indeed, then xk ¼ N el
kS=Nex, so that dxk=dmel

kS ¼ V0=Nexm
ðMÞ
k

and

dj ¼ oj
omel

NaS

dmel
NaS þ

oj
omel

wS

dmel
wS ; ðA:13Þ

with

oj
omel

NaS

¼ V0
Nexm

ðMÞ
Na

ððj1Na � j1KÞUðj3hÞ þ ðj2Na � j2KÞ þ ðj3NahNa � j3KhKÞj1U
0ðj3hÞÞ; ðA:14Þ

and

oj
omel

wS

¼ j1U
0ðj3hÞ

oxelwS

omel
wS

X
k¼Na; K

j3kxk
dhk

dxelwS

: ðA:15Þ

Appendix B. Elastic–plastic stiffness

The coefficients fk, gk, k 2 fp; q; S$g entering the elastic–plastic stiffness (4.11) are obtained by writing
the consistency condition df ¼ 0:

fk ¼ �Bkp
of
op

þ
X

l2Sþ[fwg
bkl

of
ollS

; k 6¼ q; fq ¼ 3G
of
oq

gk ¼ �Bkp
og
op

þ
X

l2Sþ[fwg
bkl

og
ollS

; k 6¼ q; gq ¼ 3G
og
oq

:

8>>>><
>>>>:

ðB:1Þ

The plastic modulus H is assumed to take only strictly positive values,

H ¼ hþ Bpp
of
op

og
op

þ 3G
of
oq

og
oq

�
X

k2Sþ[fwg
Bkp

of
op

og
olkS

�
þ og

op
of
olkS

	
þ

X
k;l2Sþ[fwg

bkl
of
olkS

og
ollS

; ðB:2Þ

while the hardening modulus h will be positive for hardening, and negative for softening,

h ¼ pc
k � j

og
op

: ðB:3Þ

For the Modified Cam–Clay model (4.14), the following derivatives are needed,

of
op

¼ 1� 1

M2

q2

p2
;

of
oq

¼ 2

M2

q
p
;

of
olkS

¼ � 2

M3

q2

p
oM
olkS

� opc
olkS

; k 2 Sþ [ fwg: ðB:4Þ
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where

opc
olkS

¼ Ln
pk

pc

ok
olkS

 
� Ln

pj

pc

o~jj
olkS

!
pc

k � ~jj
ðB:5Þ

Appendix C. Chemical interpolations for the plastic coefficients k and M in terms of flwS; gNaS � gKSg

To estimate the effect of pore water composition on the plastic coefficients k andM, one has in a first step
to find the chemical potential of water and the chemical activity of cations in the solid phase. At equi-
librium, these quantities are simply equal to their counterparts in the fluid phase. Since the chemical effects
on these two coefficients are assumed to be similar, we just consider one of them, say k ¼ kðlwS ; gNaS � gKSÞ.

We consider in turn the two hypothetical extreme situations where the molar fraction of one cation, say
cation Naþ, overweights the other in both phases. We may get measures or approximations of the values of
kdw
Na and ksat

Na corresponding respectively to a distilled and salt-saturated pore water. Then the chemical effect
on k, noted kNa, is introduced through interpolation between these two situations, for example

kNaðlwSÞ ¼ k1NaUðk3NahNaðlwSÞÞ þ k2Na; ðC:1Þ
where the kiNa’s, i ¼ 1; 3, are constants. The hyperbolic tangent is taken as the interpolation function, i.e.
UðyÞ ¼ tanhðyÞ and

hkðlwSÞ ¼
/ðlwSÞ � /ðldw

wSÞ
/ðlsat

wSÞ � /ðldw
wSÞ

; ðC:2Þ

where

/ðgkSÞ ¼ exp
gkS

RT

� 	
; k ¼ Na; K; w: ðC:3Þ

Then

k1Na ¼
ksat
Na � kdw

Na

Uðk3NaÞ
; k2Na ¼ kdw

Na: ðC:4Þ

The constant k3;Na can be obtained from the slope dk=dlNaS estimated at lwS ¼ ldw
wS , indeed

k3Na

tanhðk3;NaÞ
¼ /ðlsat

wSÞ � /ðldw
wSÞ

ksat
Na � kdw

Na

dkNa

dlwS

d/
dlwS

� 	�1

: ðC:5Þ

The same procedure is followed to define the kiK, i ¼ 1; 3.
Next, one defines an interpolation between the Na- and K-planes,

k ¼ k1Uðk3hÞ þ k2; ðC:6Þ
with

k1 ¼
X

k¼Na; K

~xxkk1k; k2 ¼
X

k¼Na; K

~xxkk2k; k3hðlwSÞ ¼
X

k¼Na; K

~xxkk3khkðlwSÞ: ðC:7Þ

The weights ~xxNa and ~xxK, with sum equal to 1, are defined as follows,

~xxkðgNaS ; gKSÞ ¼
/ðgkSÞ

/ðgkSÞ þ /ðglSÞ
¼ 1

1þ /ðglS � gkSÞ
; k 6¼ l ¼ Na;K: ðC:8Þ
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The following derivatives

d ~xxNa ¼
~xxNa ~xxK

RT
ðdgNaS � dgKSÞ; dhk ¼

/ðlwSÞ
/sat

k � /dw
k

dlwS

RT
; k ¼ Na; K; ðC:9Þ

are needed in order to calculate

dk ¼ ððk1Na � k1KÞUðk3hÞ þ ðk2Na � k2KÞ þ ðk3NahNa � k3KhKÞk1U
0ðk3hÞÞd ~xxNa

þ ~xxNak3Na

dhNa

dlwS

�
þ ~xxKk3K

dhK

dlwS

	
k1U

0ðk3hÞdlwS : ðC:10Þ

Appendix D. Determination of the initial state in the solid phase

We seek for an initial approximation of the state in the solid phase while the chemical composition of
pore water corresponds to distilled water. The following data are assumed to be either known or guessed:

• void ratio e;
• ratio NwW =NwS of the number of moles of water in the fluid and solid phases;
• ratio NKS=NNaS of the number of moles of cations in the solid phase;
• ratio NClS=NNaS of the number of moles of Cl� versus Naþ assumed to be very small;
• a: volume percentage of absorbed water that evaporates only at very high temperature;
• valences of all species; for an anhydrous smectite of formula NaAl3Si3O10(OH)2, Ransom and Helgeson

(1994) find approximately a volume average of three moles of clay for one mole of Naþ, so fc ¼ �1=3.
The analysis below holds for arbitrary valences.

• molar volumes of water vðMÞ
wS ¼ 18 cm3, of Naþ, vðMÞ

NaS ¼ 2:66 cm3, of Kþ, vðMÞ
KS ¼ 5:93 cm3, of clay parti-

cles, e.g. for the above smectite, Ransom and Helgeson (1994) have obtained, using the technique of
structural analogy, vðMÞ

cS � 146 cm3.

The physical properties (molar mass, molar volume, density) of the species are assumed to be identical in
both phases, Eq. (2.9).

Using electroneutrality in the solid phase, the ratio of the number of moles of Naþ versus clay can be
expressed in terms of given quantities,

NNaS

NcS
fNa

�
þ fK

NKS

NNaS
þ fCl

NClS

NNaS

	
¼ �fc: ðD:1Þ

The initial void ratio is

e ¼ VwW þ ð1� aÞVwS þ VNaW þ VKW þ VClW
VcS þ aVwS þ VNaS þ VKS þ VClS

: ðD:2Þ

Since the pore water is distilled water, the molar fractions of ions in fluid phase are very small. Also the
molar fractions of Cl� is assumed to be negligible in the solid phase as well. The ratio of the number of
moles of clay and absorbed water can be approximated in terms of now known quantities,

NcS

NwS
�

NwW
NwS

þ 1� a � ae

vðMÞ
cS þ NNaS

NcS
vðMÞ
NaS þ NKS

NNaS
vðMÞ
KS


 � vðMÞ
wW

e
: ðD:3Þ

Using the definition (2.10) of xwS and again electroneutrality in the solid phase, the molar fraction of ab-
sorbed water is obtained as
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1

xwS
¼ 1þ NcS

NwS
1

�
� fc

fNa

þ 1

�
� fK

fNa

	
NKS

NNaS

NNaS

NcS
þ 1

�
� fCl

fNa

	
NClS

NNaS

NNaS

NcS

	
; ðD:4Þ

from which the other molar fractions are deduced,

xcS ¼
NcS

NwS
xwS ; xNaS ¼

NNaS

NcS
xcS ; xKS ¼

NKS

NNaS
xNaS : ðD:5Þ

In a unit volume of porous medium, the number of moles of absorbed water is, using (D.4),

NwS �
e

1þ e
1

1þ NwW
NwS

� a

1

vðMÞ
wW

; ðD:6Þ

from which the volume and mass of absorbed water per unit volume of porous medium can be estimated,
namely vwS ¼ NwSvMwS and mwS ¼ NwSmðMÞ

w . The volume and mass of free water are equal to their counter-
parts in the solid phase times NwW =NwS .

The number of moles of the other species is known from the above derivations. The following molar
masses are needed to estimate the initial masses: mðMÞ

w ¼ 18 g, mðMÞ
Na ¼ 23 g, mðMÞ

K ¼ 39:1 g, mðMÞ
Cl ¼ 35:5 g and

mðMÞ
c ¼ 382 g for the above anhydrous smectite which is used as an approximative reference for the sim-

ulations presented in this work.
Once the molar fractions in the solid phase are known, the data of the total molar fraction of ions

1� xwW , the equilibrium constant (3.35), and the electroneutrality condition provide the individual molar
fractions of ions in pore water,

xNaW ¼ 1

�fc

1� xwW

1þ Keq
xKS
xNaS

; xKW ¼ Keq

xKS

xNaS
xNaW ; xClW ¼ xNaW þ xKW : ðD:7Þ

Notice that, even if these molar fractions are very tiny, their ratio is not arbitrary.
As an alternative information to that provided by the void ratio, one might use the specific area, that

provides the mass of absorbed water per unit mass of solid as the product of the size of the double layer,
times the specific area, times the density of water.

The model uses interpolation between two extreme situations, one in which the fluid phase is distilled
water and the other where it is salt saturated. Once the initial condition corresponding to distilled pore
water has been obtained, the state of the solid phase in equilibrium with pore water saturated by a salt is
obtained simply by solving the equations of equilibrium in terms of the chemical potentials of species that
can transfer or, for the simplified model, in terms of the chemical potential of water and of the chemical
activity.
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